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BELLMAN INEQUALITY FOR HILBERT SPACE
OPERATORS
A. MORASSAEI1, F. MIRZAPOUR1 AND M. S. MOSLEHIAN2
Dedicated to Professors A. Berman, M. Goldberg and R. Loewy
Abstract. We establish some operator versions of Bellman’s inequality.
In particular, we prove that if Φ : B(H )→ B(K ) is a unital positive linear
map, A,B ∈ B(H ) are contractions, p > 1 and 0 ≤ λ ≤ 1, then(
Φ(IH −A∇λB)
)1/p
≥ Φ
(
(IH −A)
1/p∇λ(IH −B)
1/p
)
.
1. Introduction and preliminaries
Bellman [2] proved that if n, p are positive integers and A,B, ak, bk (1 ≤ k ≤ n)
are positive real numbers such that Ap ≥
∑n
k=1 a
p
k and B
p ≥
∑n
k=1 b
p
k, then(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
≤
(
(A+B)p −
n∑
k=1
(ak + bk)
p
)1/p
(1.1)
(see also [1, 9]). A “multiplicative” analogue of this inequality is due to J.
Acze´l, see [10]. During the last decades several generalizations, refinements
and applications of the Ballman inequality in various settings have been given
and some results related to integral inequalities are presented. The interested
reader is referred to [3, 11, 4] and references therein. There is an area of
research in which one seeks some operator or norm versions of some classical
real inequalities. Such inequalities may hold for operators acting on a Hilbert
space of finite or infinite dimensional. This is based on the fact that the self-
adjoint operators (Hermitian matrices) can be regarded as a generalization of
the real numbers. Among a lot of results concerning with operator or norm
inequalities in the literature we would like to point out some of papers of
M. Goldberg [6, 7]. In the present paper, we aim to establish some operator
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versions of the Bellman inequality involving the arithmetic means and positive
linear maps and give some applications.
Throughout the paper, let B(H ) denote the algebra of all bounded linear
operators acting on a complex Hilbert space (H , 〈·, ·〉), Bh(H ) denote the
algebra of all self-adjoint operators in B(H ) and I is the identity operator.
In the case when dimH = n, we identify B(H ) with the full matrix algebra
Mn(C) of all n × n matrices with entries in the complex field. An operator
A ∈ Bh(H ) is called positive (positive-semidefinite for matrices) if 〈Ax, x〉 ≥ 0
holds for every x ∈ H and then we write A ≥ 0. For A,B ∈ Bh(H ), we say
A ≤ B if B − A ≥ 0. Let f be a continuous real valued function defined on
an interval J . The function f is called operator decreasing if B ≤ A implies
f(A) ≤ f(B) for all A,B with spectra in J . A function f is said to be operator
concave on J if
λf(A) + (1− λ)f(B) ≤ f(λA+ (1− λ)B)
for all A,B ∈ Bh(H ) with spectra in J and all λ ∈ [0, 1]. A map Φ : B(H )→
B(K ) is called positive if Φ(A) ≥ 0 whenever A ≥ 0 and is said to be nor-
malized if Φ(IH ) = IK . We denote by P[B(H ),B(K )] the set of all positive
linear maps Φ : B(H ) → B(K ) and by PN [B(H ),B(K )] the set of all nor-
malized positive linear maps Φ ∈ P[B(H ),B(K )]. If Φ ∈ PN [B(H ),B(K )]
and f is an operator concave function on an interval J , then
f(Φ(A)) ≥ Φ(f(A)) (Davis-Choi-Jensen’s Inequality) (1.2)
for every self-adjoint operator A on H , whose spectrum is contained in J ,
see [8]. If Φ ∈ PN [B(H ),B(K )], 0 ≤ r ≤ 1 and A is a positive invertible
operator, then
Φ(Ar) ≤ Φ(A)r (Ho¨lder-McCarthy type Inequality). (1.3)
For more information see [5, Chapters 1 and 5].
2. Main results
We start this section with recalling that for positive operators A,B and a
real number 0 ≤ λ ≤ 1, the arithmetic mean A∇λB is defined by (1−λ)A+λB,
see [5, Chapter V]. We denote A∇1/2B by A∇B. We first present a Bellman
type operator inequality involving positive linear maps and operator concave
functions.
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Theorem 2.1. Suppose that Φ ∈ PN [B(H ),B(K )], f : J → (0,∞) is an
operator concave function, where J is an interval of (0,∞) and A,B ∈ B(H )
are positive operators with spectra contained in J . Then
f
(
Φ(A)∇λΦ(B)
)
≥ Φ(f(A))∇λΦ(f(B)) (0 ≤ λ ≤ 1). (2.1)
Proof. Assume that 0 ≤ λ ≤ 1, f : J → (0,∞) is operator concave and
A,B ∈ B(H ). It follows from the linearity of Φ that
f
(
Φ(A)∇λΦ(B)
)
= f
(
Φ(A∇λB)
)
≥ Φ
(
f(A∇λB)
)
(by (1.2))
≥ Φ
(
f(A)∇λf(B)
)
(by the operator concavity of f)
= Φ(f(A))∇λΦ(f(B)) .

Corollary 2.2 (Operator Bellman Inequality). If Φ ∈ PN [B(H ),B(K )],
A,B are contractions, p > 1 and 0 ≤ λ ≤ 1, then(
Φ(IH − A∇λB)
)1/p
≥ Φ
(
(IH − A)
1/p∇λ(IH − B)
1/p
)
. (2.2)
Proof. Note that the function g(t) = tr is operator concave on (0,∞) if 0 ≤
r ≤ 1 [5, Corollary 1.16], so is the function f(t) = (1−t)r on (0, 1) if 0 ≤ r ≤ 1.
It follows from the linearity and the normality of Φ that(
Φ(IH − A∇λB)
)1/p
=
(
IK − Φ(A)∇λΦ(B)
)1/p
≥
(
IK − Φ(A)
)1/p
∇λ
(
IK − Φ(B)
)1/p
(by (2.1) for f(t) = (1− t)r)
=
(
Φ(IH − A)
)1/p
∇λ
(
Φ(IH − B)
)1/p
≥ Φ
(
(IH − A)
1/p
)
∇λΦ
(
(IH − B)
1/p
)
(by (1.3))
= Φ
(
(IH − A)
1/p∇λ(IH −B)
1/p
)
.

Corollary 2.3. Let Φ ∈ PN [B(H ),B(K )], A,B be contractions and 0 ≤ λ ≤
1. Then
log
(
Φ(A)∇λΦ(B)
)
≥ Φ(logA)∇λΦ(logB) .
Proof. Put f(t) = log t in Theorem 2.1. 
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.
Corollary 2.4. Let 0 ≤ λ ≤ 1 and A,B ∈ B(H ) be invertible positive opera-
tors. Then
(A∇λB) log
(
A−1!λB
−1
)
≥
(
A logA−1
)
∇λ
(
B logB−1
)
.
Proof. Consider the identity map as Φ and put f(t) = −t log t in Theorem 2.1
and recall that A!λB := (A
−1∇λB
−1)
−1
. 
In the last result we establish Bellman’s Inequality and a new variant of it.
Theorem 2.5. The following equivalent statements hold:
(i) If n is a positive integer, p > 1, 0 ≤ λ ≤ 1 and ak, bk (1 ≤ k ≤ n) are
positive real numbers such that 1 ≥
∑n
k=1 a
p
k and 1 ≥
∑n
k=1 b
p
k, then(
1−
n∑
k=1
apk
)1/p
∇λ
(
1−
n∑
k=1
bpk
)1/p
≤
(
1−
n∑
k=1
(
ak∇λbk
)p)1/p
. (2.3)
(ii) [Classical Bellman Inequality] If If n is a positive integer, p > 1 and
M1,M2, ak, bk (1 ≤ k ≤ n) are positive real numbers such that M
p
1 ≥∑n
k=1 a
p
k and M
p
2 ≥
∑n
k=1 b
p
k, then(
M
p
1
−
n∑
k=1
a
p
k
)1/p
+
(
M
p
2
−
n∑
k=1
b
p
k
)1/p
≤
(
(M1 +M2)
p −
n∑
k=1
(ak + bk)
p
)1/p
. (2.4)
Proof. Let n, p be positive integers, 0 ≤ λ ≤ 1 and ak, bk (1 ≤ k ≤ n) be
positive real numbers such that 1 ≥
∑n
k=1 a
p
k and 1 ≥
∑n
k=1 b
p
k. Set A =[ ∑n
k=1 a
p
k 0
0 1
]
∈ M2(C), B =
[ ∑n
k=1 b
p
k 0
0 1
]
∈M2(C). Then
(I −A∇λB)
1/p =
([
1 0
0 1
]
−
[
(1− λ)
∑n
k=1 a
p
k + λ
∑n
k=1 b
p
k 0
0 1
])1/p
=
[
((1−
∑n
k=1 a
p
k)∇λ(1−
∑n
k=1 b
p
k))
1/p
0
0 0
]
.
and
(I − A)1/p∇λ(I − B)
1/p = (1− λ)
[
1−
∑n
k=1 a
p
k 0
0 0
] 1
p
+ λ
[
1−
∑n
k=1 b
p
k 0
0 0
] 1
p
=
[
(1−
∑n
k=1 a
p
k)
1/p∇λ(1−
∑n
k=1 b
p
k)
1/p 0
0 0
]
.
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It follows from (2.2) with the identity map Φ that(
1−
n∑
k=1
apk
)1/p
∇λ
(
1−
n∑
k=1
bpk
)1/p
≤
((
1−
n∑
k=1
apk
)
∇λ
(
1−
n∑
k=1
bpk
))1/p
=
(
1−
( n∑
k=1
apk
)
∇λ
( n∑
k=1
bpk
))1/p
=
(
1−
n∑
k=1
(
apk∇λb
p
k
))1/p
≤
(
1−
n∑
k=1
(
ak∇λbk
)p)1/p
(by the convexity of tp for p > 1) ,
which gives (2.3).
(i)⇒(ii) Set λ = M2
M1+M2
and replace ak, bk by ak/M1, bk/M2, respectively, in
(2.3) to get
1
M1 +M2
(
Mp1 −
n∑
k=1
apk
)1/p
+
1
M1 +M2
(
Mp2 −
n∑
k=1
bpk
)1/p
=
(
1−
M2
M1 +M2
)(
1−
n∑
k=1
(
ak
M1
)p)1/p
+
M2
M1 +M2
(
1−
n∑
k=1
(
bk
M2
)p)1/p
≤
(
1−
n∑
k=1
((
1−
M2
M1 +M2
)(
ak
M1
)
+
(
M2
M1 +M2
)(
bk
M2
))p)1/p
=
1
M1 +M2
(
(M1 +M2)
p −
n∑
k=1
(ak + bk)
p
)1/p
.
We therefore deduce the desired inequality (2.4).
(ii)⇒(i) Set M1 = 1− λ,M2 = λ, and replace ak and bk by (1− λ)ak and λbk,
respectively, in (2.4) to get (2.3). 
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